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Introduction
A central object in number theory is the absolute Galois group G = Gal(ksep/k) of a
p-adic number ﬁeld k/Qp. For example, these groups occur as decomposition groups in
the absolute Galois group of a global ﬁeld K/Q.
For p 6= 2 the structure of the absolute Galois group G was determined by Jannsen and
Wingberg in [JW]. Their description of G is based on the characterization as a so-called
Demu²kin formation. The abstract proﬁnite group deﬁned through generators and re-
lations, as well as G, are Demu²kin formations with the same numerical invariants, and
a uniqueness theorem shown by Wingberg in [W] says that two Demu²kin formations
with the same invariants are isomorphic.
For p = 2 Diekert [D] adapted the method from above and described the Galois group of
a 2-adic number ﬁeld k, whose maximal tamely ramiﬁed extension contains the fourth
roots of unity, the same way as for p 6= 2. Generators and relations were before already
used by Zelvenskii to describe the maximal extension without simple ramiﬁcation of such
a ﬁeld k, but his work [Z2] is based on a paper by Jakovlev [Jak], which contains several
mistakes.
In the remaining case, i.e. p = 2 and k a 2-adic number ﬁeld with k(i)/k ramiﬁed, the
absolute Galois group is still unknown. In this thesis we will not solve this problem, but
make a few steps towards a solution. Unfortunately, in this case there is no sensible no-
tion of a Demu²kin formation and we have to use a diﬀerent approach. Nevertheless, in
[Z1] Zelvenskii was able to describe the Galois group of the maximal extension without
simple ramiﬁcation kwsr of k as a proﬁnite group with m+ 2 generators and one deﬁning
relation, if the degree m of k/Q2 is odd. He did so by giving three conditions which
characterize a group up to isomorphism and showing that they are satisﬁed for both,
a certain group deﬁned by generators and relations and the Galois group Gal(K(2)/k),
where K is an unramiﬁed extension of k having odd degree f and K(2) the maximal
2-extension of K. Since kwsr is equal to the union of all such ﬁelds K(2), one obtains
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the Galois group Gal(kwsr, k) as an inverse limit over all these groups. In addition, he
claims that for ﬁelds k of even degree over Q2 these three conditions can be shown in an
analogous manner.
Overview: In the ﬁrst section of this thesis we start with some known facts about
pro-p groups, in particular Demu²kin groups.
The second section concentrates on the paper by Zelvenskii [Z1] and we explain in detail,
how he obtained the description of the maximal extension without simple ramiﬁcation
of k, if the degree k/Q2 is odd. And we prove the following theorem
Theorem. (Theorem 2.20)
Let k be an extension of the ﬁeld of 2-adic numbers having even degree m, such that
the maximal unramiﬁed extension of k does not contain a primitive 4-th root of unity.
Further, let k′ denote the intersection of k with the extension Q2∞ of the ﬁeld Q2, and
let q ≥ 4 denote the largest power of 2 such that the q-th roots of unity belong to k(i).
If k′ is not contained in the real subﬁeld of Q2∞, then the Galois group of the maximal
extension without simple ramiﬁcation of the ﬁeld k is isomorphic to the proﬁnite group
with m+ 2 generators x1, . . . , xm+2 subject to the relation
x
2+q/2
1 [x1, x2] . . . [xm+1, xm+2] = 1
and the relation x∆(2) = 1 on the normal subgroup generated by the elements
x1, x2, x4, x5, . . . , xm+2.
We conclude the last section with an idea how one could use the results from section
2 to compute the whole absolute Galois group of k in case k(i)/k is ramiﬁed. To this
end we approximate the absolute Galois group by its subquotients corresponding to the
maximal 2-extensions of all ﬁnite tamely ramiﬁed extensions L/k. We subdivide L/k
into a totally ramiﬁed part l/k and an unramiﬁed part L/l. We deﬁne an abstract group
by generators and relations, which we conjecture to be isomorphic to Gal(ksep/k). We
2
identify a subquotient of this abstract group, which under the conjectured isomorphism
should correspond to Gal(L(2)/l). An isomorphism between the latter two groups could
be shown following the strategy of Zelvenskii, by showing that each group satisﬁes the
three conditions mentioned above, which characterize a group up to isomorphism. We
were able to establish one of these conditions.
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1 Preliminaries
1.1 Classiﬁcation of Demu²kin groups
Deﬁnition 1.1. Let j and n be non-negative integers and G a proﬁnite group. Then we
deﬁne the normal subgroups G(j,n) inductively as follows:
If j = 0, let G(0,n) = G.
If j ≥ 1, let G(j,n) = (G(j−1,n))n[G(j−1,n), G].
Deﬁnition 1.2. i) A pro-p group (for some prime number p) is a proﬁnite group
G such that for any open normal subgroup N / G the quotient group G/N is a p-
group. (Note that, as proﬁnite groups are compact, the open subgroups are exactly
the closed subgroups of ﬁnite index.)
ii) A closed subgroup H of a proﬁnite group G is called a p-Sylow subgroup of G, if
for every open normal subgroup N of G, the group HN/N is a p-Sylow subgroup
of G/N .
In the rest of this section G will denote a pro-p group.
Proposition 1.3. ([NSW] Proposition 3.9.1)
i) A convergent subset S ⊂ G (by convergent we mean every open subgroup of G
contains almost all elements of S) generates G as topological group if and only if
the set S of residue classes modulo G(1,p) generates G/G(1,p). S is a minimal set
of generators if and only if S is.
ii) For the rank n(G) of G, which is deﬁned as the inﬁmum over the cardinalities of
minimal generator systems of G, we have the equality
n(G) = dimFp H
1(G,Z /pZ).
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iii) Let S be a set of generators of G. For the relation rank r(G) of G, which is deﬁned
as the cardinality of a minimal relation system with respect to S of G, we have the
equality
r(G) = dimFp H
2(G,Z /pZ).
Deﬁnition 1.4. Let p be a prime number. A pro-p-group G is called a Demu²kin group
if
i) dimFp H
1(G,Z /pZ) <∞,
ii) dimFp H
2(G,Z /pZ) = 1,
iii) the cup product H1(G,Z /pZ)×H1(G,Z /pZ) −→ H2(G,Z /pZ) is a non-degene-
rate bilinear form.
Remark 1.5. If G is a Demu²kin group, then the following holds:
a) G is a ﬁnitely generated topological group with n(G) = dimH1(G,Z /pZ) as the
minimal number of generators.
b) There is only one relation among a minimal system of generators for G. This
means that G is isomorphic to a quotient F/(r), where F is a free pro-p-group
of rank n = n(G) and (r) is the closed normal subgroup of F generated by an
element r ∈ F (1,p).
c) G/[G,G] is isomorphic to (Zp)n−1 × (Zp /q′ Zp), where q′ = q′(G) is a uniquely
determined power of p.
d) dimFp H
2(N,Z /pZ) = 1 and n(N) − 2 = (G : N)(n(G) − 2) for every open
subgroup N of G (see [NSW] Theroem 3.9.15).
In his work [L], Labute classiﬁes pro-2 Demu²kin groups by using two invariants. Let
G be a pro-2 Demu²kin group with n = dimH1(G,F2). Labute has shown that there
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exists a unique continuous homomorphism χ : G→ U2, U2 the group of units of Z2, such
that, if Ij(χ) denotes the G-module obtained by letting G act on Z /2j Z by means of
χ, the homomorphism H1(G, Ij(χ))→ H1(G, I1(χ)) is surjective for all j ≥ 1. Then in
fact, q′ = q′(G) is the highest power of 2 such that Im(χ) ⊂ 1 + q′ Z2 (see [L] Corollary
4).
Theorem 1.6. ([L] Theorem 2)
Two Demu²kin groups with the same invariants n and im(χ) are isomorphic.
Theorem 1.7. ([L] Theorem 3)
Let G = F/(r) be a Demu²kin group with invariants n = n(G), q′ = q′(G) and Im(χ) =
A.
1) If q′ 6= 2, there exists a basis x1, . . . , xn of F such that
r = xq
′
1 [x1, x2] . . . [xn−1, xn] and Im(χ) = 1 + q
′ Z2 .
2) If q′ = 2 and n is odd, there exists a basis x1, . . . , xn of F such that
r = x21x
2f
2 [x2, x3] . . . [xn−1, xn] and Im(χ) = {±1} × U (f)2 ,
for some f ≥ 2 and U (f)2 = 1 + 2f Z2.
3) If q′ = 2 and n is even, there exists a basis x1, . . . , xn of F such that
r = x21[x1, x2]x
2f
3 [x3, x4] . . . [xn−1, xn] if (A : A
2) = 4,
and then Im(χ) = ±1× U (f)2 ,
or
r = x2+2
f
1 [x1, x2][x3, x4] . . . [xn−1, xn] if (A : A
2) = 2,
and then Im(χ) = 〈−1 + 2f〉 ⊂ U2,
for some f ≥ 2.
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Remark 1.8. (see [S] or [L])
For any relation r of the form
x21x
2f
2 [x2, x3] . . . [xn−1, xn] = 1
with n odd and f ≥ 2 an integer, the group G = F/(r) is a Demu²kin group with
n(G) = n and Im(χ) = ±1× U (f)2 .
Example 1.9. ([L] 5)
Let k be a ﬁnite extension of Q2 of degree m such that k does not contain the 4th roots
of unity and k(2)/k the maximal 2-extension of k, e.g. the compositum of all normal
(separabel) extensions of k, whose degree is a power of 2. Then G = Gal(k(2)/k) is a
Demu²kin group with n(Gal(k(2)/k)) = m+ 2 and q′(Gal(k(2)/k)) = 2.
The Galois group of Q2∞ =
⋃∞
i=1Q2(ζ2i) over Q2 is canonically isomorphic to U2 un-
der the map a 7→ ρa, where ρa(ζ) = ζa for all roots of unity ζ. We get continuous
homomorphisms
Gal(k(2)/k)→ Gal(Q2∞ /k′) ↪→ Gal(Q2∞ /Q2),
where the ﬁrst homomorphism is surjective and k′ = k ∩ Q2∞ . Since Q2∞ ⊂ k(2), we
obtain a continuous homomorphism χ′ : G → U2, where Im(χ′) is the Galois group of
Q2∞ /k′. The Galois group Gal(Q2∞ /k′) is either isomorphic to the subgroup {±1}×U (f)2
or 〈−1 + 2f〉 ⊂ U2 with f ≥ 2. Using the exact sequence
0→ µ2d → k(2)∗ 2
d→ k(2)∗ → 0,
we obtain a commutative diagram
k∗/(k∗)2d //

H1(G, µ2d) //

H1(G, I/2dI)

k∗/(k∗)2 // H1(G, µ2) // H1(G, I/2I)
for all d ≥ 1, where I = I1(χ′) is the proﬁnite G-module deﬁned above. Since the
horizontal arrows are all isomorphisms (for the leftmost see [S3] 5, Prop. 20, Lemma
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2) and k∗/(k∗)2d → k∗/(k∗)2 is surjective for all d ≥ 1, we get that H1(G, I/2dI) →
H1(G, I/2I) is surjective. Thus χ = χ′, since it is unique and
• if m is odd, then k = k′ and Im(χ) = {±1} × U (2)2 ,
• if m is even and Gal(Q2∞ /k′) ∼= {±1} × U (f)2 , then Im(χ) = {±1} × U (f)2 ,
• if m is even and Gal(Q2∞ /k′) ∼= 〈−1 + 2f〉, then Im(χ) = 〈−1 + 2f〉.
1.2 Relation structure, cup product and Hilbert Symbol
1.2.1 Relation structure and cup product
Let G be a pro-2 group with {s1, . . . , sd} a minimal system of generators and
1 −→ R −→ F −→ G −→ 1
a minimal presentation of G with R = 〈r〉, e.g. d = dimF2H1(G,F2) and
dimF2H
2(G,F2) = 1. Assume that the orders of the elements sν [G,G], ν = 1, . . . , d
are multiples of q, a power of 2, or ∞. Then the map F/[F, F ]q → G/[G,G]q is an
isomorphism and R ⊂ F (1,q). Furthermore, the inﬂation
H1(G,Z /q)→ H1(F,Z /q)
with G acting trivially on Z /q and the transgression
tra : H1(R,Z /q)G → H2(G,Z /q)
are isomorphisms. The latter follows from the ﬁve term exact sequence and because F
is free and therefore H2(F,Z /q) = 0 (see also [K2] Theorem 3.14 and 4.12).
Thus we can deﬁne a homomorphism
ϕ : H2(G,Z /q)→ Z /q (1.2.1)
by setting
ϕα = tra−1α(r).
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By assumption, G is a one-relator group, hence ϕ is injective (see [NSW] Proposition
3.9.12).
Let {χ1, . . . , χd} be a basis of H1(G,Z /q) corresponding to {s1, . . . , sd} via
χν(sµ) = δνµ, ν, µ = 1, . . . , d.
Theorem 1.10. ([K2] Theorem 7.22)
Every element g ∈ G(1,q) can be written in the form
g =
d∏
ν=1
saνqν
∏
ν<µ
[sν , sµ]
aνµg′, g′ ∈ G(2,q), 0 ≤ aν , aνµ < q. (1.2.2)
Theorem 1.11. ([K2] Theorem 7.23)
Assume that r is written according to Theorem 1.10, then
ϕ(χν ∪ χµ) =
−aνµ for ν < µ,−(q
2
)
aν for ν = µ,
(1.2.3)
for ν, µ = 1, . . . , d. Here ∪ denotes the cup product H1(G,Z /q) × H1(G,Z /q) →
H2(G,Z /q).
As a result of the theorem above, we obtain the following corollary for the case q = 2:
Corollary 1.12. ([JW] Lemma 1)
Let G be a pro-2 group with dimH1(G,F2) = d, dimH2(G,F2) = 1 and {s1, . . . , sd} a
minimal system of generators of G. If the following relation holds in G∏
ν
saν2ν
∏
ν<µ
[sν , sµ]
aνµ ≡ 1 mod G(2,2)
with aν , aνµ ∈ Z2 and at least one aν or aνµ not divisible by 2, then there exists a generator
ξ of H2(G,F2), such that for the dual basis {χ1, . . . , χd} of H1(G,F2) corresponding to
{s1, . . . , sd},
χν ∪ χµ = −aνµξ for ν < µ.
Proof. See [JW] Lemma 1. The proof there works exactly the same way if p = 2.
9
1.2.2 Connection between cup product and Hilbert symbol
Now if G is the Galois group of the maximal 2-extensionK(2) of a ﬁeldK andK contains
the q-th roots of unity (q a power of 2), the cup product H1(G,Z /q)×H1(G,Z /q) →
H2(G,Z /q) corresponds to the qth Hilbert symbol K∗/(K∗)q×K∗/(K∗)q → µq denoted
by (a, b) (see also [S2] Proposition 5), which we explain now:
To each a ∈ K∗ we associate an element χa ∈ H1(G,Z /q) by
g( q
√
a) = ζχa(g)q
q
√
a, g ∈ G.
This deﬁnes an injective homomorphism
φ : K∗/(K∗)q → H1(G,Z /q), (1.2.4)
and since H1(G,Z /q) ∼= H1(G/G(1,q),Z /q) ∼= H1(Gal(K( q
√
K∗)/K),Z /q), where
K( q
√
K∗) is the maximal abelian extension of K of exponent q, Kummer theory tells us
that φ is an isomorphism (see [N1] ch.V 3).
On the other hand, the reciprocity map of local class ﬁeld theory gives an injective group
homomorphism
θK : K
∗ → Gab.
The q-th Hilbert symbol of the ﬁeld K is then given by the pairing
( , ) : K∗/(K∗)q ×K∗/(K∗)q → µq , (a, b) = φ(a)(θK(b)).
It is a nondegenerate, anti-symmetric bilinear form and if K/k is a Galois extension,
then the pairing is Gal(K/k)-invariant, i.e.
(ga, gb) = (a, b)g for g ∈ Gal(K/k).
We now consider the exact Kummer sequence
0→ Z /q λ→ K(2)∗ q→ K(2)∗ → 0,
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where Z /q has been identiﬁed with the group µq of q-th roots of unity and the map q
stands for raising to the q-th power. As H1(G,K(2)∗) = 0 ([S3] 1 Prop. 1), by taking
cohomology we get the exact sequence
0→ H2(G,Z /q)→ H2(G,K(2)∗) q→ H2(G,K(2)∗).
By local class ﬁeld theory, we have
H2(G,K(2)∗) = Q2 /Z2
(see [S3] 5 Prop. 20, Lemma 2). Hence by the above sequence we get an isomorphism
ψ : H2(G,Z /q) −→ Z /q,
which coincides with the homomorphism ϕ in (1.2.1), since G is a pro-2 group.
Theorem 1.13. ([S2] Proposition 5)
For all a, b ∈ K∗ we have
(a, b) = ψ(χa ∪ χb).
1.3 Construction of a certain proﬁnite group
The following construction will play a role in the description of the maximal extension
without simple ramiﬁcation as well as in the general case.
Let G be the proﬁnite group with generators σ and τ and the deﬁning relation
στσ−1 = τ 2
s
, s ∈ N .
Let Fn+1 be the free proﬁnite group with basis z0, . . . , zn. Then the kernel of the canonical
projection from the free proﬁnite product φ : Fn+1 ∗ G → G is the normal subgroup
Z = (z0, . . . , zn) ([N2], 1.2). Let I be the normal subgroup of Z such that Z/I is the
maximal pro-2 factor group and set
F (n+ 1,G ) = (Fn+1 ∗ G )/I,
P = Z/I.
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If xi = zi mod I, i = 0, . . . , n, then F (n + 1,G ) is generated by σ, τ, x0, . . . , xn and
deﬁned by the two properties, namely that σ and τ fulﬁll the relation of G and that the
normal subgroup generated by x0, . . . , xn is a pro-2-group. We now deﬁne the group
X = X(G , n) = F (n+ 1,G )/(r),
where (r) is the (closed) normal subgroup generated by some ﬁxed r with r ≡ 1 mod P .
The map φ induces a surjection X → G which we will also call φ. Therefore we have
the commutative diagram
1

1

(r)

(r)

1 // P //

F (n+ 1,G ) //

G // 1
1 // P/(r) //

X
φ //

G // 1
1 1
with exact rows and columns. Now let H be an open normal subgroup of G , U = UH
the preimage of H in F (n+1,G ), XH = φ−1(H) the preimage of H in X and G = G /H.
The theorem for subgroups of free products ([B]) tells us that the preimage U ′ of H in
Fn+1 ∗ G is isomorphic to
U ′ ∼= (∗ρ∈RF ρn+1) ∗ H,
where R is a set of representatives for G /H. This is used in ([J]) to prove that P/[P,U ]
is a free Z2[G]-module with basis x0[P,U ], . . . , xn[P,U ].
We will also need the following deﬁnition. The element pi ∈ Zˆ with piZˆ = Z2 can be
deﬁned as follows: For every m ∈ N we choose am, bm ∈ Z such that
1 = am2
m + bmp
m
1 p
m
2 . . . p
m
m
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where {p1, p2, . . . } is the set of all odd prime numbers and set
∆(2) = lim
m→∞
am2
m ∈ Zˆ,
pi = pi(2) = lim
m→∞
bmp
m
1 p
m
2 . . . p
m
m ∈ Zˆ.
Remark 1.14. (see [Z2])
A proﬁnite group is a pro-2 group if and only if the equality x∆(2) = 1 (xpi(2) = x) holds
for every element in the group.
We recall that raising to a power with exponent in Zˆ is deﬁned as follows in a proﬁnite
group H: Let x ∈ H and a = lim an an element of Zˆ (an ∈ Z). The sequence xa1 , xa2 , . . .
converges in H. Its limit, which does not depend on the choice of the sequence a1, a2, . . .
converging (in Zˆ) to a, will be denoted by xa.
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2 The maximal extension without simple ramiﬁcation
of a local ﬁeld
Let k be a ﬁnite extension of Q2. In [Z2] Zelvenskii describes the maximal extension
without simple ramiﬁcation of the ﬁeld k under the assumption that the maximal un-
ramiﬁed extension of this ﬁeld contains i, and in [Z1] the remaining case, e.g. that the
extension k(i)/k is totally ramiﬁed. We are interested in the latter one, where Zelvenskii
proves everything only for ﬁelds k of odd degree over Q2 and claims that for ﬁelds of
even degree it can be proven in an analogous manner. We expand Zelvenskiis very short
explanations of the case of odd degree. In particular we provide the omitted proof for
ﬁelds having even degree and one further property.
We give an outline of the content of this section. In subsection 2.3 we will deﬁne certain
groups Gk by generators and relations. In order to show that these are isomorphic to
certain subquotients of the Galois groups we are interested in, we want to use Lemma
2.16, which gives three conditions characterizing a group up to isomorphism. In the
main part of this section we establish these three conditions for the groups Gk and their
Galois counterparts. The desired result follows in subsection 2.4 by passage to an inverse
limit.
For the remainder of this section, we use the following deﬁnitions and notations.
Let G be a proﬁnite group. G˜ will denote the 2-Sylow subgroup of G and for any a, b ∈ G
set [a, b] = a−1b−1ab = a−1ab.
Lemma 2.1. Let G be a proﬁnite group. Then for any a, b, c ∈ G and any integer k ∈ Z
one has the following congruences modulo G(2,n) = (Gn[G,G])n[Gn[G,G], G]:
(i) [a, bc] ≡ [a, b][a, c] and [ab, c] ≡ [a, c][b, c],
(ii) [ak, b] ≡ [a, bk] ≡ [a, b]k,
(iii) (ab)k ≡ akbk[a, b]−k(k−1)/2.
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Proof. See [De].
Let k be a 2-adic number ﬁeld of degree m over Q2 such that k(i)/k is ramiﬁed. We
now divide such ﬁelds into three classes L, Nα andMα with α ≥ 2 an integer. The class
L consists of all k of odd degree m. If m is even, let k′ denote the intersection of k with
the extension Q2∞ of Q2. As seen in the preliminaries, Gal(Q2∞ /Q2) is isomorphic to
U2, the group of units of the ring of 2-adic integers Z2. We consider k to be in the class
Mα (respectively, Nα) if the Galois group Gal(Q2∞ /k′) is isomorphic to the subgroup
{±1} × (1 + 2α Z2) ⊂ U2 (respectively, to the closed subgroup of U2 generated by the
element −1 + 2α (see Example (1.9)). Summarized we have
m odd ⇒k ∈ L
m even, Gal(Q2∞ /k′) ∼= {±1} × (1 + 2α Z2) ⇒k ∈Mα
m even, Gal(Q2∞ /k′) ∼= 〈−1 + 2α〉 ⇒k ∈ Nα .
Remark 2.2. [De2]
1) The ﬁelds in the classes L,Mα,Nα exhaust all ﬁelds whose maximal unramiﬁed
extension does not contain i.
2) α has the following meaning: if k ∈Mα, then the ﬁeld k(i) contains a 2αth root of
unity but not a 2α+1th root of unity; if k ∈ Nα, then k(i) contains a 2α+1th root
of unity but not a 2α+2th root of unity.
3) A ﬁeld k of even degree m belongs to the class M =
⋃
αMα, if k
′ is contained in
the real subﬁeld of Q2∞ , otherwise k belongs to N =
⋃
αNα.
Throughout the remaining sections let q denote the largest power of 2 such that K(i)
contains a q-th root of unity and let k(2) denote the maximal 2-extension of k.
2.1 Symplectic spaces
Let R be a commutative ring (with unit) and A an associative R-algebra.
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Deﬁnition 2.3. An involution anti-automorphism of A is a R-linear endomorphism
∗ : A→ A satisfying the following conditions:
1∗ = 1 , (a∗)∗ = a and (ab)∗ = b∗a∗ for any a, b ∈ A.
Moreover, if A is commutative the terms involution anti-automorphism and automor-
phism coincide.
Deﬁnition 2.4. Let M be a (left) A-module, ∗ an involution anti-automorphism on A
and φ : M ×M → R an R-bilinear form on M .
i) φ is called A-invariant if for all x, y ∈M and a ∈ A
φ(ax, y) = φ(x, a∗y).
ii) φ deﬁnes an A-homomorphism
gφ : M → HomR(M,R), gφ(x)(y) = φ(x, y),
where A acts on HomR(M,R) by the rule (af)(x) = f(a∗x) for x ∈M and a ∈ A.
We say φ is nondegenerate on the left if gφ is an isomorphism. (The notion of
nondegenerate on the right is deﬁned in an analogous manner.)
Since for our purposes left- and right-nondegeneracy are equivalent, we will just say
nondegenerate.
Deﬁnition 2.5. A symplectic A-space is a pair (M,φ) consisting of an A-module M
and a nondegenerate, antisymmetric A-invariant R-bilinear form φ on M .
Remark 2.6. Two symplectic A-spaces (M,φ) and (N,ψ) are called isomorphic if there
exists an A-isomorphism ϕ : M → N such that for every x, y ∈M
φ(x, y) = ψ(ϕ(x), ϕ(y)).
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The case we are interested in is A = Z /q Z[F ](= Z /q[F ]), where F is the product of
a group of order two with generator ρ and a ﬁnite commutative group T of odd order
f > 1. The map
∗ : F → F, ρκτ 7→ (ρκτ)∗ = cκρκτ−1
(κ = 0 or 1, τ ∈ T and c ∈ Z /q, c2 = 1), extended by linearity to the group algebra
Z /q[F ], is an involution automorphism of this algebra.
Deﬁnition 2.7. Let M be a Z /q[F ]-module and φ a Z /q-bilinear form on M . Then φ
is said to be F -invariant, if there exists a group homomorphism χ : F → (Z /q)∗ such
that for any g ∈ F and x, y ∈M one has
φ(gx, gy) = χ(g)φ(x, y).
Remark 2.8. For the involution automorphism (∗) : Z /q[F ]→ Z /q[F ] deﬁned by(∑
g∈F
agg
)(∗)
=
∑
g∈F
agχ(g)g
−1,
the F -invariant forms coincide with the Z /q[F ]-invariant forms deﬁned in (2.4 i)). For
χ : F → (Z /q)∗ deﬁned by χ(ρκτ) = cκ the involutions ∗, from above (2.7), and (∗)
coincide.
We identify the free Z /q[F ]-module of rank 1 with the additive group of the algebra
Z /q[F ] and assume that a bilinear, antisymmetric, nondegenerate and F -invariant form
φ is given on it. In Z /q[F ] we consider the subalgebra A = A(F, q, c) generated by the
idempotent 1− e = 1− f−1∑g∈T g. Then A is in a natural way a Z /q[F ]-module with
automorphism ∗. Since the idempotents 1 − e = 1 − f−1∑g∈T g and e = f−1∑g∈T g
are symmetric (e∗ = e, (1 − e)∗ = 1 − e) and orthogonal, we have the decomposition
Z /q[F ] = A⊕ eZ /q[F ] and A is a complete subspace of the symplectic space Z /q[F ],
where complete means, that the restriction of φ to A is nondegenerate.
Theorem 2.9. ([Z1] Theorem 1)
On any free A-module of ﬁnite rank there exists a symplectic Z /q[F ]-space structure,
which is unique up to isomorphism.
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2.2 The symplectic structure of K(i)∗/(K(i)∗)q
Let K be an unramiﬁed extension of k having odd degree f , with f ≡ 1 mod 4 if k ∈ L,
f ≡ 1 mod 22α−1 if k ∈ Mα and f ≡ 1 mod 22(α+1) if k ∈ Nα (just for technical
reasons).
We write F = Gal(K(i)/k), which is a cyclic group of order 2f generated by an element
ω. Since K ∩ k(i) = k, K/k unramiﬁed and f odd, one has
Gal(K(i)/k) = Gal(K/k)×Gal(k(i)/k) = Z /f Z×Z /2Z = Z /2f Z .
Let F1 = Gal(K(i)/K) denote the subgroup of F generated by ω
f . q is the largest
power of 2 such that K(i) contains a primitive q-th root ζ of unity, e.g. q = 4 if k ∈ L,
q = 2α if k ∈Mα and q = 2α+1 if k ∈ Nα. We let ( , ) denote the q-th Hilbert symbol
on K(i)∗/(K(i)∗)q, which makes K(i)∗/(K(i)∗)q into a symplectic space. Furthermore,
let S(ω2) =
∑f−1
ν=0 ω
2ν and O = A(F, q, c), where c = −1, if k ∈ L or k ∈ Mα, and
c = −(1 + 2α) ∈ (Z /2α+1 Z)∗ if k ∈ Nα.
The following theorem has been proven by Zelvenskii just in the case k ∈ L. We also
prove the remaining two cases.
Theorem 2.10. The symplectic space K(i)∗/(K(i)∗)q splits into a direct sum of the full
subspaces
(K(i)∗/(K(i)∗)q)1−S(ω
2) and (K(i)∗/(K(i)∗)q)S(ω
2).
The Z /q[F ]-module (K(i)∗/(K(i)∗)q)1−S(ω2) is isomorphic to a free O-module of rank
m. In the Z /q[F1]-module (K(i)∗/(K(i)∗)q)S(ω
2) we can choose 2m+ 2 Z /q-generators
a) k ∈ L: 1, . . . , 2m+2 such that
(2i−1, 2i) = (2i, 2i−1)−1 = ζ−1 for i = 1, 2, . . . ,m+ 1
(1, 1) = −1
(m+2, m+2) = −1
18
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
b) k ∈Mα: 1, . . . , 2m+2 such that
(2i−1, 2i) = (2i, 2i−1)−1 = ζ−1 for i = 1, 2, . . . ,m+ 1
(3, 3) = −1
(m+3, m+3) = −1.
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
c) k ∈ Nα: 1, . . . , 2m+2 such that
(2i−1, 2i) = (2i, 2i−1)−1 = ζ−1 for i = 1, 2, . . . ,m+ 1
(1, 1) = −1
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
Proof. Since the element S(ω2) is idempotent, we have for a, b ∈ K(i)∗
(aS(ω
2), b1−S(ω
2)) = (a, b(1−S(ω
2))S(ω2)) = (a, b0) = (a, 1) = 1.
Hence (K(i)∗/(K(i)∗)q)1−S(ω
2) and (K(i)∗/(K(i)∗)q)S(ω
2) are orthogonal and thus full
subspaces. For (K(i)∗/(K(i)∗)q)1−S(ω
2) being isomorphic to a free O-module of rank m,
see [Z1] Theorem 3.
By the choice of f , we have for a, b ∈ k(i)∗
(a, b)K(i) = (NK(i)/k(i)a, b)k(i) = (a
f , b)k(i) = (a, b)
f
k(i) = (a, b)k(i),
(where NK(i)/k(i) is the usual ﬁeld norm).
Since Gal(K(i)/k(i)) = 〈ω2〉, it follows that (K(i)∗)〈ω2〉 = k(i)∗. Because f is odd, we
obtain
(K(i)∗/(K(i)∗)q)〈ω
2〉/(K(i)∗/(K(i)∗)q)S(ω
2) = 0
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and hence the equality
(K(i)∗/(K(i)∗)q)S(ω
2) = k(i)∗/(k(i)∗)q.
We now explain the structure of (K(i)∗/(K(i)∗)q)S(ω
2) for the three classes of ﬁelds L,
Mα and Nα:
a) Type L: Following Serre [S] and Labute [L], the Galois group of k(2)/k is isomor-
phic to the pro-2 group with m+ 2 generators x1, . . . , xm+2 and deﬁning relation
r = x21x
4
2[x2, x3] . . . [xm+1, xm+2] = 1 (2.2.1)
and the ﬁeld k(i) is the ﬁxed ﬁeld of the normal subgroup D of index 2 generated
by the elements x21, x2, . . . , xm+2. The group D has 2m + 2 generators, connected
by a single relation.
In D we have the relation (2.2.1) above and this relation conjugated by x1
rx1 = x21x
4x1
2 [x
x1
2 , x
x1
3 ] . . . [x
x1
m+1, x
x1
m+2] = 1.
Modulo D(2,0) = [[D,D], D] (and clearly also modulo D(2,4)) we get by eliminating
x21 the relation
x
4(−1+x1)
2 [x
x1
2 , x
x1
3 ] . . . [x
x1
m+1, x
x1
m+2]︸ ︷︷ ︸
m+1 generators
[x2, x
−1
3 ] . . . [xm+1, x
−1
m+2]︸ ︷︷ ︸
m+1 generators
≡ 1.
Using the correspondence between the relation structure, the cup product and the
Hilbert symbol explained in 1.2, we can choose a basis 1, . . . , 2m+2 in k(i)
∗/(k(i)∗)4
which corresponds under the isomorphism φ (1.2.4) to
i 7→ xx1i+1 for 1 ≤ i ≤ m+ 1 and i 7→ x(−1)
i−m
i−m for m+ 2 ≤ i ≤ 2m+ 2
such that (using the formula of Theorem 1.11)
(2i−1, 2i) = ζ−1 for i = 1, 2, . . . ,m+ 1
(1, 1) = ζ
−(42)1 = ζ2 = −1 since ζ is a primitive 4th root of unity
(m+2, m+2) = ζ
−(42)(−1) = ζ2 = −1
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
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b) Type Mα: In this case k(2)/k has m + 2 generators x1, . . . , xm+2 and deﬁning
relation
r = x21[x1, x2]x
2α
3 [x3, x4] . . . [xm+1, xm+2] = 1. (2.2.2)
The subgroup D is the normal subgroup generated by x1, x
2
2, . . . , xm+2. In D we
have the relation (2.2.2) and this relation conjugated by x2
rx2 = x2x21 [x
x2
1 , x2](x
x2
3 )
2α [xx23 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2] = 1
= xx21 x
x22
1 (x
x2
3 )
2α [xx23 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2]
Transforming equation (2.2.2) we get
x1x
x2
1 x
2α
3 [x3, x4] . . . [xm+1, xm+2] = 1
and thus
xx21 = x
−1
1 x
−2α
3 [x3, x4]
−1 . . . [xm+1, xm+2]−1.
Inserting this into rx2 , we obtain the following relation modulo D(2,0)
x−11 x
−2α
3 x
x22
1 (x
x2
3 )
2α [xx23 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2][x3, x4]
−1 . . . [xm+1, xm+2]−1
≡x2α(−1+x2)3 [x1, x22x2
α
3 ]︸ ︷︷ ︸
2 generators
[xx23 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2]︸ ︷︷ ︸
m generators
[x3, x
−1
4 ] . . . [xm+1, x
−1
m+2]︸ ︷︷ ︸
m generators
,
since
x−11 x
−2α
3 x
x22
1 (x
x2
3 )
2α ≡ x−2α3 x−11 [x−11 , x−2
α
3 ]x
x22
1 (x
x2
3 )
2α
≡ x−2α3 [x1, x22][x1, x2
α
3 ](x
x2
3 )
2α
≡ x2α(−1+x2)3 [x1, x22x2
α
3 ].
Thus we can choose a basis 1, . . . , 2m+2 in k(i)
∗/(k(i)∗)2
α
which corresponds under
the isomorphism φ (1.2.4) to
1 7→ x1 , 2 7→ x22x2
α
3
i 7→ xx2i for 3 ≤ i ≤ m+ 2 and i 7→ x(−1)
i+1−m
i−m for m+ 3 ≤ i ≤ 2m+ 2
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such that
(2i−1, 2i) = ζ−1 for i = 1, 2, . . . ,m+ 1
(3, 3) = ζ
−(2
α
2 )1 = ζ2
α−1
= −1 since (ζ2α−1)2 = 1
(m+3, m+3) = ζ
(2
α
2 )1 = −1.
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
c) Type Nα: In this case k(2)/k has m + 2 generators x1, . . . , xm+2 and deﬁning
relation
r = x2+2
α
1 [x1, x2] . . . [xm+1, xm+2] = 1. (2.2.3)
The subgroup D is the normal subgroup generated by x1, x
2
2, . . . , xm+2. In D we
have the relation (2.2.3) and this relation conjugated by x2
rx2 =(x2+2
α
1 )
x2 [xx21 , x2] . . . [x
x2
m+1, x
x2
m+2] = 1
=(xx21 )
1+2αx
x22
1 [x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2.]
Transforming equation (2.2.3), we get
x1+2
α
1 x
x2
1 [x3, x4] . . . [xm+1, xm+2] = 1
and thus
xx21 = x
−(1+2α)
1 [x3, x4]
−1 . . . [xm+1, xm+2]−1.
Inserting this into rx2 , we obtain the following relation modulo D(2,0)
(x
−(1+2α)
1 [x3, x4]
−1 . . . [xm+1, xm+2]−1)1+2
α
x
x22
1 [x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2]
≡x−(1+2α)(1+2α)1 xx
2
2
1 [x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2][x3, x4]
−(1+2α) . . . [xm+1, xm+2]−(1+2
α)
≡(x−(1+2α−1)1 )2
α+1
[x1, x
2
2][x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2][x3, x
−(1+2α)
4 ] . . . [xm+1, x
−(1+2α)
m+2 .]
The last equation holds since
x
−(1+2α)(1+2α)
1 x
x22
1 ≡ x−(2
α+1+22α)
1 x
−1
1 x
x22
1
≡ x−(2α+1+2α−12α+1)1 [x1, x22]
≡ (x−(1+2α−1)1 )2
α+1
[x1, x
2
2].
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Since −(1 + 2α) and −(1 + 2α−1) are units in Z2 (and in Z /q (−(1 + 2α−1))4 =
((1 + 2α−1)2)2 = (1 + 2α + 22α−2)2 = (1 + 2α)2 = 1 + 2α+1 + 22α = 1), we can choose
x
−(1+2α)
i as generators. Setting x1 = x
k
1 with k = −(1 + 2α−1), we ﬁnally have the
relation
x1
2α+1 [x1, x
2k−1
2 ]︸ ︷︷ ︸
2 generators
[xx23 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2]︸ ︷︷ ︸
m generators
[x3, x
−(1+2α)
4 ] . . . [xm+1, x
−(1+2α)
m+2 ]︸ ︷︷ ︸
m generators
≡ 1
with 2m+ 2 generators.
Thus we can choose a basis 1, . . . , 2m+2 in k(i)
∗/(k(i)∗)2
α+1
which corresponds
under the isomorphism φ (1.2.4) to
1 7→ x1 , 2 7→ x2k−12
i 7→ xx2i for 3 ≤ i ≤ m+ 2 and i 7→ x(−(1+2
α))i+1−m
i−m for m+ 3 ≤ i ≤ 2m+ 2
such that
(2i−1, 2i) = ζ−1 for i = 1, 2, . . . ,m+ 1
(1, 1) = ζ
−(2
α+1
2 )1 = ζ2
α
= −1 since (ζ2α)2 = 1.
and all other values of the Hilbert symbol on these generators are equal to ζ0 = 1.
2.3 The group Gk
Let Gk be the proﬁnite group with m + 2 generators and a single deﬁning relation
depending on the ﬁeld k.
• If k ∈ L, then the generators of Gk are connected by the relation
x21x
4
2[x1, x2] . . . [xm+1, xm+2] = 1
and the identical relation x∆(2) = 1 on the normal subgroup Bk generated by the
elements x1x
2
2, x
f
2 , x3, . . . , xm+2.
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• If k ∈Mα, then the generators are connected by the relation
x21[x1, x2]x
2α
3 [x3, x4] . . . [xm+1, xm+2] = 1
and the identical relation x∆(2) = 1 on the normal subgroup Bk generated by the
elements x1x
2α−1
3 , x2, x
f
3 , x4, . . . , xm+2.
• If k ∈ Nα, then the generators are connected by the relation
x2+2
α
1 [x1, x2] . . . [xm+1, xm+2] = 1
and the identical relation x∆(2) = 1 on the normal subgroup Bk generated by the
elements x1, x2, x
f
3 , x4, . . . , xm+2.
The next two theorems give a description of certain subgroups of Gk. Both theorems
were proven by Zelvenskii with almost no explanations and only in the case k ∈ L.
He also proved the second theorem for k ∈ Nα, but the proof is incomprehensible and
incomplete. We will explain the ﬁrst case in more detail and prove the case k ∈ Nα.
Theorem 2.12 below claims that Gk has a subgroup isomorphic to Gal(K(2)/k(i)). For
the proof we will need Zelvenskiis description of the maximal extension without simple
ramiﬁcation of a 2-adic number ﬁeld containing the fourth roots of unity (see [Z2]):
Theorem 2.11. ([Z2] Theorem 5)
Let l be a ﬁnite extension of degree n of the ﬁeld of 2-adic numbers and let q be the
greatest power of 2 such that ς, a primitive qth root of unity, belongs to the maximal
unramiﬁed extension of the ﬁeld l. If q ≥ 4, then n is even and the Galois group of the
maximal extension without simple ramiﬁcation of the ﬁeld l is isomorphic to the proﬁnite
group with n+ 2 generators x and y0, . . . , yn which are connected by the relation
x−1y0x = y
q
1[y1, y2] . . . [yn−1, yn]y0
and by the identity relation y∆(2) = 1 on the normal subgroup generated by the elements
y0, . . . , yn.
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Theorem 2.12. The normal subgroup Hk of Gk generated by the elements
x21, x2, . . . , xm+2 (if k ∈ L) and x1, x22, x3, . . . , xm+2 (if k ∈Mα or Nα) is isomorphic to
the group Gal(K(2)/k(i)).
Proof. We will show that Hk is generated by 2m+ 2 generators z1, . . . , z2m+2 subject to
the single relation
zq1[z1, z2] . . . [z2m+1, z2m+2] ≡ 1 mod H(2,0)k .
k ∈ L: As shown in the proof of (2.10), we get a relation modulo H(2,0)k of the form
x
4(−1+x1)
2 [x
x1
2 , x
x1
3 ] . . . [x
x1
m+1, x
x1
m+2][x2, x
−1
3 ] . . . [xm+1, x
−1
m+2] ≡ 1,
which we can transform by using the following equivalences
x
4(−1+x1)
2 [x
x1
2 , x
x1
3 ][x2, x
−1
3 ] ≡ (x(−1+x1)2 )4[x−12 , xx12 ]4(4−1)/2[x−1+x12 , xx13 ][x2, xx13 ][x2, x−13 ]
≡ (x(−1+x1)2 )4[x2, xx12 ]−6[x−1+x12 , xx13 ][x2, xx1−13 ]
≡ (x(−1+x1)2 )4[x−1+x12 , xx13 ][x2, x−6x12 xx1−13 ][x2, x62]
≡ (x(−1+x1)2 )4[x−1+x12 , xx13 ][x2, x6(1−x1)2 xx1−13 ].
Hence we get the relation
zq1[z1, z2] . . . , [z2m+1, z2m+2] ≡ 1 mod H(2,0)k ,
where
z1 = x
−1+x1
2 , z2 = x
x1
3 , z3 = x2 , z4 = x
6(1−x1)
2 x
x1−1
3
z4i−3 = x2ix1 , z4i−2 = x
x1
2i+1
z4i−1 = x2i , z4i = x−12i+1 (i = 2, 3, . . . , (m+ 1)/2).
Here z1, z2, z
f
3 , z4, . . . , z2m+2 belong to the normal subgroup Bk ∩ Hk, because z1 =
x−1+x12 = (x1x
2
2)
−x−12 +x22 ∈ Bk ∩ Hk (all others are obvious). Now we are in the situ-
ation of 2.11 with z3 = x and the theorem is proven for k ∈ L.
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k ∈ Nα: Again from (2.10), we get a relation modulo H(2,0)k of the form
x1
2α+1 [x1, x
2k−1
2 ][x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2][x3, x
−(1+2α)
4 ] . . . [xm+1, x
−(1+2α)
m+2 ] ≡ 1
which we can transform by using the following equivalence
[xx23 , x
x2
4 ][x3, x
−(1+2α)
4 ] ≡ [xx2−13 , xx24 ][x3, xx24 ][x3, x−(1+2
α)
4 ]
≡ [xx2−13 , xx24 ][x3, xx2−(1+2
α)
4 ].
Hence we get the relation
zq1[z1, z2] . . . [z2m+1, z2m+2] ≡ 1 mod H(2,0)k ,
where
z1 = x1 , z2 = x
2k−1
2 , z3 = x
x2−1
3 , z4 = x
x2
4 , z5 = x3 , z6 = x
x2−(1+2α)
4
z4i−1 = x
x2
2i+1 , z4i = x
x2
2i+2
z4i+1 = x2i+1 , z4i+2 = x
−(1+2α)
2i+2 (i = 2, . . . ,m/2).
Here z1, z2, z3, z4, z
f
5 , z6, . . . , z2m+2 belong to Bk ∩Hk, which is generated as normal sub-
group by x1, x
2
2, x
f
3 , x4, . . . , xm+2, because Hk 3 xx2−13 = z3 = x−12 xx
−1
3
2 ∈ Bk (all others
are obvious). Hence we can apply (2.11) again.
Theorem 2.13. The 2-Sylow subgroup G˜k of Gk is isomorphic to Gal(K(2)/K).
Proof. Let k ∈ L: The group G˜k is generated as normal subgroup by the elements
x1x
2
2, x
f
2 , x3, . . . , xm+2. We will use the following notation
yi = (x1x
2
2)
xi2 0 ≤ i ≤ f − 1,
ti = [x3, x2]
xi2 0 ≤ i ≤ f − 2,
ui,j = x
xi2
j 0 ≤ i ≤ f − 1 , 4 ≤ j ≤ m+ 2,
Mi =
(m+1)/2∏
j=2
[ui,2j, ui,2j+1].
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Then the relations conjugated to the deﬁning relation r of Gk using x
i
2 are as follows:
yiyi+2t
−1
i Mi = 1 0 ≤ i ≤ f − 3,
yf−2x
−f
2 y0x
f
2t
−1
f−2Mf−2 = 1,
yf−1x
−f
2 y1x
f
2 [x
f
2 , x3]
(f−2∏
i=0
ti
)
Mf−1 = 1.
Eliminating y1, . . . , yf−1 from these relations, we obtain
y0
((f−5)/4∏
j=0
M−14j+2t4j+2
)
x−f2
((f−5)/4∏
j=0
M−14j+1t4j+1
)
x−f2 y0x
f
2
((f−5)/4∏
j=0
M−14j+3t4j+3
)−1
× xf2 [xf2 , x3]
(f−2∏
i=0
ti
)
Mf−1
((f−5)/4∏
j=0
M−14j t4j
)−1
= 1. (2.3.4)
The calculations above are explained in detail in the master thesis of D. Meier [M]. But
only up to this point, then it got more complicated. For the proof we need the relation
above in a special form, but neither Zelvenskii nor Meier explained how to obtain this
special form from relation (2.3.4). We will show this now. For this let
u = y0
((f−5)/4∏
j=0
t4j+1
)((f−5)/4∏
j=0
t4j+2
)
x−2f2 ,
vi =
[i/4]∏
j=0
t4j+λ for 0 ≤ i ≤ f − 2, λ = i− 4[i/4].
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Next we look at equation 2.3.4 modulo G˜
(2,0)
k
y0
((f−5)/4∏
j=0
M−14j+2t4j+2
)
x−f2
((f−5)/4∏
j=0
M−14j+1t4j+1
)
x−f2 y0x
f
2
((f−5)/4∏
j=0
M−14j+3t4j+3
)−1
xf2 [x
f
2 , x3]
× (f−2∏
i=0
ti
)
Mf−1
((f−5)/4∏
j=0
M−14j t4j
)−1
≡ y0
((f−5)/4∏
j=0
t4j+2
)
x−f2
((f−5)/4∏
j=0
t4j+1
)
x−f2 y0x
f
2
((f−5)/4∏
j=0
t4j+3
)−1
xf2 [x
f
2 , x3]
(f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
︸ ︷︷ ︸
(2)
× ((f−5)/4∏
j=0
M−14j+2
(f−5)/4∏
j=0
M−14j+1
(f−5)/4∏
j=0
M4j+3Mf−1
(f−5)/4∏
j=0
M4j
)
︸ ︷︷ ︸
(1)
mod G˜
(2,0)
k .
and simplify the terms (1) and (2):
(1) :
(f−5)/4∏
j=0
M−14j+2
(f−5)/4∏
j=0
M−14j+1
(f−5)/4∏
j=0
M4j+3Mf−1
(f−5)/4∏
j=0
M4j
≡M−12 M−16 M−110 · · ·M−1f−3 ·M−11 M−15 · · ·M−1f−4 ·M3M7 · · ·Mf−2 ·Mf−1 ·M0M4 · · ·Mf−5
≡M0
(f−1)/2∏
j=1
(M2j−1M2j)(−1)
j
mod G˜
(2,0)
k
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(2) : y0
((f−5)/4∏
j=0
t4j+2
)
x−f2
((f−5)/4∏
j=0
t4j+1
)
x−f2 y0x
f
2
((f−5)/4∏
j=0
t4j+3
)−1
xf2 [x
f
2 , x3]
(f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
≡y0
((f−5)/4∏
j=0
t4j+2
(f−5)/4∏
j=0
t4j+1
)
x−f2 [x
−f
2 ,
(f−5)/4∏
j=0
t4j+1]x
−f
2 y0x
f
2
((f−5)/4∏
j=0
t4j+3
)−1
xf2 [x
f
2 , x3]
× (f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
≡(y0 (f−5)/4∏
j=0
t4j+2
(f−5)/4∏
j=0
t4j+1x
−2f
2
)2
x2f2 (
(f−5)/4∏
j=0
t4j+1)
−1(
(f−5)/4∏
j=0
t4j+2)
−1x2f2 (
(f−5)/4∏
j=0
t4j+3)
−1
× [xf2 ,
(f−5)/4∏
j=0
t4j+3][x
f
2 , (
(f−5)/4∏
j=0
t4j+1)
−1][xf2 , x3]
(f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
≡u(xf2)4[(
(f−5)/4∏
j=0
t4j+1)
−1(
(f−5)/4∏
j=0
t4j+2)
−1, x2f2 ][x
f
2 , x3
(f−5)/4∏
j=0
t4j+3(
(f−5)/4∏
j=0
t4j+1)
−1]
× (
(f−5)/4∏
j=0
t4j+1)
−1(
(f−5)/4∏
j=0
t4j+2)
−1(
(f−5)/4∏
j=0
t4j+3)
−1(f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
≡u(xf2)4[xf2 , x3(
(f−5)/4∏
j=0
t4j+3)(
(f−5)/4∏
j=0
t4j+1)(
(f−5)/4∏
j=0
t4j+2)
2](
(f−5)/4∏
j=0
t4j+1)
−1(
(f−5)/4∏
j=0
t4j+2)
−1
× (
(f−5)/4∏
j=0
t4j+3)
−1(f−2∏
i=0
ti
)((f−5)/4∏
j=0
t4j
)−1
≡u(xf2)4[xf2 , x3vf−2vf−4v2f−3] v−1f−4v−1f−3v−1f−2 (
f−2∏
i=0
ti)︸ ︷︷ ︸
(3)
v−1f−5
︸ ︷︷ ︸
(4)
.
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Next we rewrite (3) and (4):
(3) :
f−2∏
i=0
ti = [t0, t1t2t3]t1t2t3t0t4 · · · tf−2
= [v0, v1v2v3][t1, t2t3t0t4]t2t3t0t4t1t5 · · · tf−2
= [v0, v1v2v3][v1, v2v3v4][t2, t3t0t4t1t5]t3t0t4t1t5t2t6 · · · tf−2
...
=
f−5∏
i=0
[vi, vi+1vi+2vi+3]vf−4vf−3vf−2vf−5
(4) : v−1f−4v
−1
f−3v
−1
f−2(
f−2∏
i=0
ti)v
−1
f−5
≡v−1f−4v−1f−3v−1f−2
f−5∏
i=0
[vi, vi+1vi+2vi+3]vf−4vf−3vf−2vf−5v−1f−5
≡v−1f−4v−1f−3v−1f−2vf−4vf−3vf−2
f−5∏
i=0
[vi, vi+1vi+2vi+3]
≡[vf−4, vf−3vf−2]v−1f−3v−1f−2vf−3vf−2
f−5∏
i=0
[vi, vi+1vi+2vi+3]
≡[vf−4, vf−3vf−2][vf−3, vf−2]
f−5∏
i=0
[vi, vi+1vi+2vi+3] mod G˜
(2,0)
k .
Hence we ﬁnally ﬁnd that G˜k is generated by the mf + 2 elements u, x
f
2 , x3, vi (0 ≤
i ≤ f − 2) and ui,j (0 ≤ i ≤ f − 1, 4 ≤ j ≤ m + 2), which are connected by the single
relation
u(xf2)
4[xf2 , x3vf−2vf−4v
2
f−3][vf−4, vf−3vf−2][vf−3, vf−2]
f−5∏
i=0
[vi, vi+1vi+2vi+3]
×M0
(f−1)/2∏
j=1
(M2j−1M2j)(−1)
j ≡ 1 mod G˜(2,0)k . (2.3.5)
Using Demu²kins algorithm [De] to transform the generators vi (0 ≤ i ≤ f − 2), we
see that the relation above cannot be replaced by an equivalent relation ( mod G˜
(2,0)
k ),
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which leaves out even one generator. Hence Remark (1.8) tells us that G˜k is a pro-2
Demu²kin group with n(G˜k) = mf + 2 and Im(χ) = ±1 × U (2)2 . The same holds for
Gal(K(2)/K) (see (1.9)), which implies the theorem for k ∈ L.
Let k ∈ Nα: First we will show, that G˜k is a pro-2 Demu²kin group with the two
invariants n(G˜k) = dimH
1(G˜k,F2) = mf + 2 and Im(χ) = 〈−1 + 2α〉 (see the pre-
liminaries (1.1)). By deﬁnition, G˜k is generated as normal subgroup by the elements
x1, x2, x
f
3 , x4, . . . , xm+2. We introduce the following notation as in the setting of section
(1.3):
let P be generated by x1, x2, x4, . . . , xm+2 as normal subgroup of Gk, G = 〈x3〉, H = 〈xf3〉
and G = G /H (x3 plays the role of σ and τ = 1).
Then P is a pro-2 group and
r ≡ x2+2α1 x−x34 x4 mod [P,U ]hhhhhhh(?)
≡ (x1+2α1 )2x−x34 x4 mod [P,U ],
where U is the preimage of H in Gk.
Since the results from [J] apply in general, the statements in [JW] 2.4-2.7 are also true
for p = 2, which proves that
dimH2(G˜k,F2) = 1,
dimH1(G˜k,F2) = (G : H)m+ 2 = fm+ 2,
Tor(G˜abk )
∼= Z /2Z as G-module.
Hence what is left to show is that the cup productH1(G˜k,F2)×H1(G˜k,F2)→ H2(G˜k,F2)
is a nondegenerate bilinear form: in G˜k we have the relation r conjugated by x
i
3, 0 ≤
i ≤ f − 1:
(x
xi3
1 )
2+2α [x
xi3
1 , x
xi3
2 ][x3, x
xi3
4 ][x
xi3
5 , x
xi3
6 ] . . . [x
xi3
m+1, x
xi3
m+2] = 1,
so in particular
[x
xi3
4 , x3] = [x
xi3
5 , x
xi3
6 ] . . . [x
xi3
m+1, x
xi3
m+2](x
xi3
1 )
2+2α [x
xi3
1 , x
xi3
2 ]. (2.3.6)
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Using
[x3, x
xf−13
4 ] = [x
f
3 , x4][x4, x
f−1
3 ] = [x
f
3 , x4]
f−2∏
i=0
[x
xi3
4 , x3],
we can rewrite the relation rx
f−1
3 to
(x
xf−13
1 )
2+2α [x
xf−13
1 , x
xf−13
2 ][x3, x
xf−13
4 ][x
xf−13
5 , x
xf−13
6 ] . . . [x
xf−13
m+1 , x
xf−13
m+2 ]
=(x
xf−13
1 )
2+2α [x
xf−13
1 , x
xf−13
2 ][x
f
3 , x4]
f−2∏
i=0
[x
xi3
4 , x3][x
xf−13
5 , x
xf−13
6 ] . . . [x
xf−13
m+1 , x
xf−13
m+2 ] = 1.
Into this we now insert the equations (2.3.6) and obtain the following equivalence modulo
G˜
(2,0)
k
(x
xf−13
1 )
2+2α [x
xf−13
1 , x
xf−13
2 ]
f−2∏
i=0
(x
xi3
1 )
2+2α [x
xi3
1 , x
xi3
2 ][x
f
3 , x4]
×
f−1∏
i=0
[x
xi3
5 , x
xi3
6 ] . . . [x
xi3
m+1, x
xi3
m+2] ≡ 1 mod G˜(2,0)k . (2.3.7)
For abbreviation, we deﬁne
yi =
i∏
ν=0
x
xν3
1 for 0 ≤ i ≤ f − 1
zi = x
xi3
2 for 0 ≤ i ≤ f − 1
ui,ν = x
xi3
ν for 0 ≤ i ≤ f − 1 and 5 ≤ ν ≤ m+ 2.
Furthermore, we have the following equivalences (using Lemma 2.1)
• (xx
f−1
3
1 )
2+2α
f−2∏
i=0
(x
xi3
1 )
2+2α ≡
f−1∏
i=0
(x
xi3
1 )
2+2α [(x
xf−13
1 )
2+2α , y2+2
α
f−2 ]
≡
f−1∏
i=0
(x
xi3
1 )
2+2α [yf−2, yf−1]−(2+2
α)2 mod G˜
(2,0)
k ,
•
f−1∏
i=0
(x
xi3
1 )
2+2α ≡ (yf−1)2+2α [y0, xx31 ](1+2
α−1)(1+2α)
× [y1, xx
2
3
1 ]
(1+2α−1)(1+2α) . . . [yf−2, x
xf−13
1 ]
(1+2α−1)(1+2α)
≡ (yf−1)2+2α
f−2∏
i=0
[yi, y
(1+2α−1)(1+2α)
i+1 ] mod G˜
(2,0)
k ,
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•
f−1∏
i=0
[x
xi3
1 , x
xi3
2 ] ≡ [x1, x2]
f−1∏
i=1
[yi, zi][yi−1, z−1i ] ≡
f−2∏
i=0
[yi, z
−1
i+1zi][yf−1, zf−1] mod G˜
(2,0)
k ,
which we use to transform equation (2.3.7). We obtain
(yf−1)2+2
α
[yf−1, zf−1][x
f
3 , x4]
(f−3∏
i=0
[yi, z
−1
i+1ziy
(1+2α−1)(1+2α)
i+1 ]
)
× [yf−2, z−1f−1zf−2y(1+2
α−1)(1+2α)−(2+2α)2
f−1 ]
f−1∏
i=0
((m+2)/2∏
ν=3
[ui,2ν−1, ui,2ν ]
) ≡ 1 mod G˜(2,0)k .
(2.3.8)
Hence the fm+ 2 elements yi (0 ≤ i ≤ f − 1), zf−1, z−1i+1zi (0 ≤ i ≤ f − 2), xf3 , x4, ui,ν
(0 ≤ i ≤ f − 1 , 5 ≤ ν ≤ m + 2) form a minimal system of generators of G˜k and are
connected by the single relation above.
Let η1, . . . , ηm+2 denote the corresponding dual basis of H
1(G˜k,F2). If we now look at
the relation (2.3.8) modulo G˜
(2,2)
k , then Corollary 1.12 tells us that
ρηi ∪ ρηi+1 = −ξ, i = 1, . . . ,m+ 2
η1 ∪ η1 = −ξ,
and all other values of the cup product on these generators are zero (ξ is a generator of
H2(G˜k,F2)). Hence the cup product for G˜k is nondegenerate. Thus G˜k is a Demu²kin
group with n = n(G˜k) = mf + 2 even and q
′ = q′(G˜k) = 2, since Z /2Z ∼= Tor(G˜abk ) ∼=
Tor((Z2)n−1 × (Z2 /q′ Z)) = Z2 /q′ Z.
We still have to calculate the invariant Im(χ) of G˜k. It is equal to 〈−1 + 2α〉: we deﬁne
a continuous homomorphism χ : F → U2, where F is the free pro-2 group with basis yi
(0 ≤ i ≤ f−1), zf−1, z−1i+1zi (0 ≤ i ≤ f−2), xf3 , x4, ui,ν (0 ≤ i ≤ f−1 , 5 ≤ ν ≤ m+2),
by
χ(zf−1) = (−1− 2α)−1, and χ of any other element of the basis is equal to 1.
Then χ(r) = 0 and χ induces a continuous homomorphism χ : G˜k → U2.
To show the surjectivity of H1(G˜k, Ij(χ))→ H1(G˜k, I1(χ)) for all j ≥ 1, let G˜k → I1(χ)
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be a cocycle. Since F is free, we can lift the homomorphism F → G˜k → I1(χ) to a
cocycle D : F → Ij(χ) for j ≥ 1. Using the formula
D([x, y]) = x−1y−1(D(x)− yD(x) + xD(y)−D(y)),
we ﬁnd
D(r) = (2α + χ(zf−1)−1 + 1)D(yf−1) = 0.
It follows that D induces a derivation of G˜k into Ij(χ) for j ≥ 1 and because χ is unique,
we obtain the invariant Im(χ) = 〈−1 + 2α〉.
But Gal(K(2)/K) also is a pro-2 Demu²kin group with invariants n(Gal(K(2)/K)) =
[K : Q2] + 2 = mf + 2, q′ = 2 (since K does not contain the 4th roots of unity) and
Im(χ) = 〈−1 + 2α〉 (see Example 1.9).
The theorem now follows from the fact that two Demu²kin groups with the same invari-
ants n and Im(χ) are isomorphic (Theorem 1.6).
For the next lemma, we have to deﬁne a symplectic Z /q[F ]-space structure on Ak =
H˜k/H˜
(1,q)
k . The 2-Sylow subgroup H˜k = G˜k ∩Hk is a normal subgroup of index 2 in G˜k
and isomorphic to Gal(K(2)/K(i)) (see Theorem 2.13).
Lemma 2.14. The maps
ω 7→ x1x(f+5)/22 H˜k for k ∈ L
and
ω 7→ x2x(f+1)/23 H˜k for k ∈Mα or Nα
give isomorphisms from F to Gk/H˜k.
Proof. Gk/H˜k has order 2f and since f is odd we have
Z /2f = Z /2× Z /f = Gal(K(i)/K)×Gal(K(i)/k(i)) = G˜k/H˜k ×Hk/H˜k = Gk/H˜k.
Thus Gk/H˜k is cyclic of order 2f and
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• has x1x(f+5)/22 H˜k as generator if k ∈ L: clearly Gk/H˜k is generated by x1, x2
mod H˜k and
(x1x
(f+5)/2
2 )
2 ≡ x21xf+52 ≡ x2 mod H˜k,
(x1x
(f+5)/2
2 )
f−4 ≡ x1x(f+5)/22 ((x1x(f+5)/22 )2)(f−5)/2
≡ x1x(f+5)/22 x(f−5)/22 ≡ x1 mod H˜k
since xf2 ∈ H˜k and 1 ≡ r ≡ x21x42 mod H˜k.
• has x2x(f+1)/23 H˜k as generator if k ∈ Nα: in this case Gk/H˜k is generated by x2, x3
mod H˜k and
(x2x
(f+1)/2
3 )
2 ≡ x22xf+13 ≡ x3 mod H˜k,
(x2x
(f+1)/2
3 )
f ≡ ((x2x(f+1)/23 )(((x2x(f+1)/23 )2)(f−1)/2
≡ x2x(f+1)/23 x(f−1)/23 ≡ x2 mod H˜k
since x22, x
f
3 ∈ H˜k.
• has x2x(f+1)/23 H˜k as generator if k ∈ Mα: in this case Gk/H˜k is generated by
x1, x2, x3 mod H˜k and
x
f−q/2
3 ≡ x1 since x1xq/23 ∈ G˜k ∩Hk = H˜k
(x2, x3 are analogous to the case k ∈ Nα).
In addition, Gk/H˜k is via conjugation a group of operators for the abelian group Ak =
H˜k/H˜
(1,q)
k . Hence we can consider Ak as an F -module. Since H˜k
∼= Gal(K(2)/K(i)),
we can choose generators h1, . . . , h2mf+2 in Hk = H˜k/H˜
(2,q)
k (where hv is the image of
hv ∈ H˜k in Hk) in such a way that they are connected by the single relation (see [De])
h
q
1[h1, h2] . . . [h2mf+1, h2mf+2] = 1. (2.3.9)
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Then Theorem 1.11 tells us that if χ1, . . . , χ2mf+2 ∈ H1(H˜k,Z /q) = H1(Ak,Z /q) de-
notes a dual basis of h1, . . . , h2mf+2, the cup product induces an antisymmetric, nonde-
generate and F -invariant bilinear form 〈 , 〉 : H1(Ak,Z /q)×H1(Ak,Z /q)→ µq with
〈χ1, χ1〉 = ηq/2 , 〈χ2v−1, χ2v〉 = 〈χ2v, χ2v−1〉−1 = η
(1 ≤ v ≤ mf + 1), where η is a generator of µq and all other values of the form 〈. . . , . . .〉
on the basis elements χ1, . . . , χ2mf+2 are equal to 1. Let h˜v be the image of hv in Ak,
then we can deﬁne a bilinear form on Ak by (h˜i, h˜j) = 〈χi, χj〉 for 0 ≤ i, j ≤ 2mf + 2.
Thus Ak is a symplectic Z /q[F ]-space.
Lemma 2.15. The symplectic Z /q[F ]-spaces H˜k/H˜(1,q)k and K(i)∗/(K(i)∗)q are isomor-
phic.
Proof. If k ∈ L see [Z1] Lemma 9. The other two cases are omitted in [Z1].
Let k ∈ Nα. We described in Theorem 2.10 the symplectic structure of K(i)∗/(K(i)∗)q
and showed that it splits into a direct product of two full subspaces. We show that Ak
splits in the same way.
H˜k = G˜k ∩Hk is generated as normal subgroup by the elements x1, x22, xf3 , x4, . . . , xm+2.
Let z˜ denote the image of z ∈ H˜k in Ak. Recall that the group G˜k is generated by
the elements yi =
∏i
j=0 x
xj3
1 , x
xf−13
2 , x
f
3 , [x3, x2]
xν3 , x4, ui,k = x
xi3
k for 0 ≤ i ≤ f − 1,
0 ≤ ν ≤ f − 2 and 5 ≤ k ≤ m + 2, where (x22)x
f−1
3 as well as all other generators lie in
H˜k. The group Hk has 2m+ 2 generators z
′
1, . . . , z
′
4, x3, z
′
6, . . . , z
′
2m+2 with z
′
i, x
f
3 ∈ G˜k.
We split Ak into a direct product of the two modules A
′
k = A
1−S(ω2)
k and A
′′
k = A
S(ω2)
k .
Under the isomorphism in Lemma 2.14, ω2 corresponds to the element x3 in Gk/H˜k,
so the elements ˜[x3, x2]
1−S(ω2)
, ˜[x4, x3], x˜51−S(ω
2), . . . , x˜
1−S(ω2)
m+2 form a Z /q[F ]-basis of A′k,
because of the following:
• Since ˜[x22, x3] and x˜22 commute, and (x˜22)f−1 = 1 (f ≡ 1 mod 22(α+1)) and xx32 =
36
x22[x
2
2, x3] we get
(x˜22)
−1+S(ω2) = (x˜22)
−1x˜22
f−1∏
i=1
x˜22
i∏
j=1
˜[x22, x3]
xj−13
= (x˜22)
f−1
f−1∏
i=1
i∏
j=1
˜[x22, x3]
xj−13
=
f−1∏
i=1
i∏
j=1
˜[x22, x3]
xj−13
,
and therefore ( ˜(x22)
xf−13
)1−S(ω
2) lies in the submodule spanned by ˜[x3, x2] as ˜[x3, x22] =
˜[x3, x2]˜[x3, x2]
x2
.
• Analogously to the ﬁrst point we can show that x1−S(ω2)4 lies in the submodule
spanned by ˜[x4, x3]. Furthermore, we have
˜[x4, x3]
−1+S(ω2)
= ˜[x4, x3]
−1 f−1∏
i=0
˜[x4, x3]
xi3
= ˜[x4, x3]
−1
[x˜4,
˜
xf3 ] =
˜[x3, x4].
• ( ˜xf3)1−S(ω2) = ˜xf3( ˜xf3)f = ˜xf3 .
• y˜f−11−S(ω
2) = (x˜1
S(ω2))1−S(ω
2) = 1 and hence y˜i
1−S(ω2) = 1 for all 0 ≤ i ≤ f − 1,
since y˜iy˜i
−xi3 = ˜yi−1, and y˜jx
l
3 and y˜j
xk3 commute for all j, l, k = 0, . . . , f − 1.
Thus A′k is a free O-module of rank m (O is the subalgebra of Z /q[F ] generated by
1 − S(ω2)) and by Theorem 2.9 the symplectic spaces A′k and K(i)∗/((K(i)∗)q)1−S(ω2)
are isomorphic.
The Z /q[F1]-module A′′k is generated by the elements
y˜0,
˜
xf3 ,
˜[x3, x2]
S(ω2)
, x˜5
S(ω2), . . . , x˜m+2
S(ω2)
.
Let Pk be the subgroup of H˜k spanned by the elements
˜[x3, x2]
1−∑f−1i=0 xi3
, ˜[x4, x3] , u
1−∑f−1i=0 xi3
0,k (5 ≤ k ≤ m+ 2)
and their conjugates with x2 and x3. We now deﬁne a symplectic structure on the
module A′k the same way as on Ak explained before this theorem. Since
A
S(ω2)
k = (H˜k/H˜
(1,q)
k )
/
(Pk/Pk ∩ H˜(1,q)k ) = H˜k/(H˜(1,q)k Pk) = (H˜k/Pk)
/
(H˜k/Pk)
(1,q))
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and
H˜
(2,q)
k [H˜k, Pk] H˜
(2,q)
k Pk
H˜k/H˜
(2,q)
k Pk = (H˜k/Pk)
/
(H˜k/Pk)
(2,q)),
we have to look at the relation imposed on the generators of H˜k, but we must only write
out the necessary relation modulo H˜
(2,2α+1)
k [H˜k, Pk]. We start as in the proof of 2.12 and
get the relation (using that [x3, x4] ∈ Pk)
(x
−(1+2α)
1 [x3, x4]
−1 . . . [xm+1, xm+2]−1)1+2
α
x
x22
1 [x
x2
3 , x
x2
4 ] . . . [x
x2
m+1, x
x2
m+2]
≡x−(1+2α)(1+2α)1 xx
2
2
1 [x3, x4]
−(1+2α)[xx23 , x
x2
4 ][x5, x6]
x2−(1+2α) . . . [xm+1, xm+2]x2−(1+2
α)
≡(x−(1+2α−1)1 )2
α+1
[x1, x
2
2][x3, x4]
−(1+2α)[xx23 , x
x2
4 ]
× [x5, x6]x2−(1+2α) . . . [xm+1, xm+2]x2−(1+2α) mod H˜(2,2
α+1)
k [H˜k, Pk].
We now have to conjugate this relation with xi3 for 0 ≤ i ≤ f−1 and follow the methods
used in the proof of 2.10. We obtain the relation
(x
xf−13
1 )
−(1+2α−1)2α+1 [x1, x22]
xf−13 [xf3 , x4]
−(1+2α)[(xf3)
x2 , xx24 ]
f−2∏
i=0
([x3, x4]
−xi3(1+2α)[xx23 , x
x2
4 ]
xi3)
×
f−1∏
i=0
(m+2)/2∏
j=3
([x2j−1, x2j]x
i
3)x2−(1+2
α)
≡y−(1+2α−1)2α+1f−1 [yf−1, zf−1][xf3 , x−(1+2
α)
4 ][(x
f
3)
x2 , xx24 ]
f−2∏
i=0
[yi, z
−1
i+1ziy
2α
i+1]︸ ︷︷ ︸
(1)
×
(m+2)/2∏
j=3
x2−(1+2α)
f−1∏
i=0
([x2j−1, x2j]x
i
3)︸ ︷︷ ︸
(2)
mod H˜
(2,2α+1)
k [H˜k, Pk],
where zi = x
xi3
2 for 0 ≤ i ≤ f − 1. We can simplify terms (1) and (2):
(1) : these terms are ≡ 1 mod H˜(2,2α+1)k [H˜k, Pk], because
(z−1i+1zi)
−1+∑f−1i=0 xi3 = (z−1i+1zi)−1
f−1∏
i=0
[x3, x
2
2]
xi3 = (z−1i+1zi)
−1[xf3 , x
2
2]
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and hence
[yi, z
−1
i+1ziy
2α
i+1] ≡ [yi, yi+1]2
α ≡ [y
∑f−1
i=0 x
i
3
i , y
∑f−1
i=0 x
i
3
i+1 ]
2α
≡ [(xi+11
i∏
j=0
[x1, x
j
3])
∑f−1
i=0 x
i
3 , (xi+21
i+1∏
j=1
[x1, x
j
3])
∑f−1
i=0 x
i
3 ]2
α
≡ [(x
∑f−1
i=0 x
i
3
1 )
i+1
i∏
j=0
[x1, (x
f
3)
j], (x
∑f−1
i=0 x
i
3
1 )
i+2
i+1∏
j=1
[x1, (x
f
3)
j]]2
α
≡ [(x
∑f−1
i=0 x
i
3
1 )
(i+1)2α , (x
∑f−1
i=0 x
i
3
1 )
(i+2)2α ] ≡ 1 mod H˜(2,2α+1)k [H˜k, Pk].
(2) :
f−1∏
i=0
[x2j−1, x2j]x
i
3 ≡
f−1∏
i=0
[x2j−1, x
−1+∑f−1i=0 xi3
2j ]
xi3 ≡
f−1∏
i=0
[x
xi3
2j−1, x
∑f−1
i=0 x
i
3
2j ]
≡ [x
∑f−1
i=0 x
i
3
2j−1 , x
∑f−1
i=0 x
i
3
2j ] mod H˜
(2,2α+1)
k [H˜k, Pk].
Thus we ﬁnally get that the generators of H˜k are connected by the single relation
y
−(1+2α−1)2α+1
f−1 [yf−1, zf−1][x
f
3 , x
(1+2α)
4 ][(x
f
3)
x2 , xx24 ]
×((m+2)/2∏
j=3
[x
∑f−1
i=0 x
i
3
2j−1 , x
∑f−1
i=0 x
i
3
2j ]
x2−(1+2α) mod H˜(2,2
α+1)
k [H˜k, Pk].
If we deﬁne a map by
1 7→ ˜yf−1−(1+2α−1), 2 7→ ˜zf−1−(1+2α−1)−1S(ω2),
3 7→ ( ˜xf3)ω
f
, i 7→ x˜iωfS(ω2) (4 ≤ i ≤ m+ 2)
m+3 7→ ˜xf3 , i 7→ x˜(−(1+2
α))i+1−mS(ω2)
i−m (m+ 4 ≤ i ≤ 2m+ 2),
it gives us an isomorphism of the symplectic Z /q[F ]-spaces (K(i)∗/(K(i)∗)q)S(ω2) and
A′′k.
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2.4 Maximal extension without simple ramiﬁcation
Lemma 2.16. [Z1] (5, Lemma 10)
Any two proﬁnite groups Cj, j = 1, 2, which satisfy the following conditions are iso-
morphic:
(1) Cj contains a subgroup Dj of index 2 isomorphic to Gal(K(2)/k(i)),
(2) the 2-Sylow subgroup C˜j of Cj is isomorphic to Gal(K(2)/K),
(3) the symplectic Z /q[F ]-spaces D˜j/D˜(1,q)j and K(i)∗/(K(i)∗)q are isomorphic.
Remark 2.17. If a proﬁnite group C satisﬁes condition (1) and (2) it is obvious that
the 2-Sylow subgroup D˜ of D is isomorphic to Gal(K(2)/K(i)) and we identify the
cyclic group C/D˜ of order 2f with F . We can now consider the abelian group D˜/D˜(1,q)
as an F -module. The unique relation connecting the generators of D˜/D˜(2,q) induces a
symplectic Z /q[F ]-structure on D˜/D˜(1,q) (this works analogue to the symplectic space
structure on Ak, which we explained in the section before).
Let again Gk be the proﬁnite group with m+ 2 generators x1, . . . , xm+2, subject to a
single relation which depends on k, and k ∈ L or Nα. We now use the above lemma to
prove the following theorem:
Theorem 2.18. The groups Gk and Gal(K(2)/k) are isomorphic.
Proof. The two Theorems 2.12, 2.13 and the Lemma 2.15, prove that the group Gk
satisﬁes the conditions (1) to (3) in Lemma 2.16. If k ∈ L, this is due to Zelvenskii and we
proved the case k ∈ Nα. Furthermore, the Hasse norm residue symbol (class ﬁeld theory)
gives an F -isomorphism from K(i)∗/(K(i)∗)q to Gal(K(2)/K(i))/Gal(K(2)/K(i))(1,q)
and thus also the group Gal(K(2)/k) satisﬁes the three conditions.
The next step is to choose a coﬁnal subset W in the set of all odd natural numbers
consisting of numbers congruent to 1 mod 2κ, where κ = 2 if k ∈ L and κ = 2(α + 1)
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if k ∈ Nα. Let S = {K ⊇ k | K/k unramiﬁed, [K : k] ∈ W}. Since the maximal
extension of k without simple ramiﬁcation is equal to ∪K∈SK(2), we get a description
of its Galois group as an inverse limit of the groups deﬁned in terms of generators and
relations at the beginning of section 2.3.
Theorem 2.19. [Z1] (Theorem 4)
Let k be an extension of the ﬁeld of 2-adic numbers having odd degree m. The Galois
group of the maximal extension without simple ramiﬁcation of the ﬁeld k is isomorphic
to the proﬁnite group with m+ 2 generators x1, . . . , xm+2 subject to the relation
x21x
4
2[x1, x2] . . . [xm+1, xm+2] = 1
and the relation x∆(2) = 1 on the normal subgroup generated by the elements
x1x
2
2, x3, . . . , xm+2.
Theorem 2.20. Let k be an extension of the ﬁeld of 2-adic numbers having even degree
m, such that the maximal unramiﬁed extension of k does not contain a primitive 4-th
root of unity. Further, let k′ denote the intersection of k with the extension Q2∞ of the
ﬁeld Q2, and let q ≥ 4 denote the largest power of 2 such that the q-th roots of unity
belong to k(i).
If k′ is not contained in the real subﬁeld of Q2∞, then q ≥ 8, and the Galois group of
the maximal extension without simple ramiﬁcation of the ﬁeld k is isomorphic to the
proﬁnite group with m+ 2 generators x1, . . . , xm+2 subject to the relation
x
2+q/2
1 [x1, x2] . . . [xm+1, xm+2] = 1
and the relation x∆(2) = 1 on the normal subgroup generated by the elements
x1, x2, x4, x5, . . . , xm+2.
Remark 2.21. Zelvenskii also claims that one has the following description for the Galois
group of the maximal extension without simple ramiﬁcation of the ﬁeld k if k ∈Mα:
If k′ is contained in the real subﬁeld of Q2∞ , then the Galois group of the maximal
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extension without simple ramiﬁcation of the ﬁeld k is isomorphic to the proﬁnite group
with m+ 2 generators x1, . . . , xm+2 subject to the relation
x21[x1, x2]x
q
3[x3, x4] . . . [xm+1, xm+2] = 1
and the relation x∆(2) = 1 on the normal subgroup generated by the elements
x1x
q/2
3 , x2, x4, . . . , xm+2.
Zelvenskii wrote that one could prove the claim above in an analogous manner as for
k ∈ L. But all our attempts to calculate the deﬁning relations of Hk and G˜k in the
case k ∈Mα needed in the proofs of theorem (2.12) and (2.13) failed. In principle this
problem is tractable with the methods of computer algebra. But even the simplest case
is too complex to be solved by a computer program such as GAP. Indeed, ﬁnding such
a presentation for Hk and G˜k is essentially an isomorphism test. According to computer
algebra developer Derek Holt, there is no known algorithm for isomorphism testing of
ﬁnite groups that has complexity better than O(|G|d(G)), where d(G) is the number of
generators of G.
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3 Conjecture on the absolute Galois group of a local
ﬁeld with residue characteristic 2
Let k be a 2-adic number ﬁeld over Q2 having even degree n, such that the maximal
tamely ramiﬁed extension of k does not contain a primitive 4-th root of unity. As
mentioned in the introduction, we can not use the same method for describing the
absolute Galois group of k as in the p 6= 2 case and it turns out to be very diﬃcult to
ﬁnd a diﬀerent approach. But after working several years on this topic, we have an idea
what the absolute Galois group of a ﬁeld k ∈ Nα might look like.
So we also require that k ∈ Nα. Then q = 2α+1 denotes the largest power of 2 such that
the q-th roots of unity belong to the ﬁeld k(i).
Furthermore, let T be the maximal tamely ramiﬁed extension of k and 2s, s ∈ N, the
number of elements in the residue ﬁeld of k. Hasse and Iwasawa have shown that the
Galois group G = Gal(T/k) has two generators σ and τ with the deﬁning relation
στσ−1 = τ 2
s
.
The group µT of roots of unity of 2-power order in T is isomorphic to Z /2Z and the
operation of G on µT is trivial.
Conjecture 3.1. The absolute Galois group Gal(ksep/k) is isomorphic to the proﬁnite
group X with n+ 3 generators σ, τ , x0, . . . , xn and the following deﬁning conditions:
(i) the normal subgroup generated by x0, . . . , xn is a pro-2-group,
(ii) the elements σ and τ fulﬁll the relation στσ−1 = τ 2
s
,
(iii) the generators satisfy the relation
x
2+ q
2
0 [x0, x1]x
−σ
2 (x2, τ)[x3, x4] . . . [xn−1, xn] = 1,
where (x2, τ) = (x2τ)pi and pi ∈ Zˆ with piZˆ = Z2 (as in 1.3).
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The proﬁnite group X is constructed as in (1.3). Thus
X = X(G , n) = F (n+ 1,G )/(r),
where (r) is the (closed) normal subgroup generated by the following element r:
r = x
2+ q
2
0 [x0, x1]x
−σ
2 (x2, τ)[x3, x4] . . . [xn−1, xn].
P is the normal subgroup generated by x0, . . . , xn, so
r ≡ (x2, τ) ≡ (τ)pi ≡ 1 mod P,
since the order of τ is prime to 2.
To describe the absolute Galois group of k it is enough to describe the Galois groups
Gal(L(2)/k) of all tamely ramiﬁed extensions L/k. Let L ⊂ T be a ﬁnite tamely ramiﬁed
Galois extension of k with degree ef ′. Then e is odd (e divides 2s − 1) and the Galois
group Gal(L/k) is generated by σ and τ with the relations (see [I])
σf
′
= 1 , τ e = 1 , στσ−1 = τ 2
s
,
where f ′ is the inertia degree and e the ramiﬁcation index of L/k. Then Gal(ksep/T ) is
a pro-2 group and ksep is equal to
⋃
k⊂L⊂T L(2).
For each L we consider the diagram
L K
2boo
l
f
OO
f ′=2bf
``
k
ef ′
OO
e
77
Q2
n
OO
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where the integers denote the degree of the extensions and l is the ﬁxed ﬁeld of the
subgroup of Gal(L/k) generated by σ. Therefore Gal(L/l) is cyclic of order f ′ = 2bf
with b ≥ 0 and f odd. Additionally K/l is an unramiﬁed extension and since e is odd,
l(i)/l is ramiﬁed and q = 2α+1 is still the largest power of 2 such that the q-th roots
of unity belong to l(i). The degree of l over Q2 is even and Gal(Q2∞ /k ∩ Q2∞) =
Gal(Q2∞ /l ∩Q2∞) (again since f is odd), thus l ∈ Nα.
The next step is to deﬁne a special subgroup Xe of X. Let H be the normal subgroup of
G generated by σ and τ e and letXe = φ−1(H) denote the preimage ofH inX (φ : X → G
is the surjection deﬁned by φ(σ) = σ, φ(τ) = τ, φ(xi) = 1 (see 1.3)).
The idea to prove the conjecture above is to start by showing that Xe/(τ
e) is iso-
morphic to the maximal extension without simple ramiﬁcation of l. To obtain this
isomorphism we can follow Zelvenskiis argument, which we explained in the previous
section. So if Xe,f denotes the factor group Xe/(τ
e) of Xe with one further relation,
namely the relation x∆(2) = 1 on the normal subgroup generated by σf , it is enough
to show that Xe,f is isomorphic to Gal(K(2)/l) = Gal(L(2)/l). For this it suﬃces that
both groups Xe,f and Gal(K(2)/l) fulﬁll the three conditions of the following lemma:
Lemma 3.2. [Z1] (5, Lemma 10)
Any two proﬁnite groups Cj, j = 1, 2, which satisfy the following conditions are iso-
morphic:
(1) Cj contains a subgroup Dj of index 2 isomorphic to Gal(K(2)/l(i)),
(2) the 2-Sylow subgroup C˜j of Cj is isomorphic to Gal(K(2)/K),
(3) the symplectic Z /q[F ]-spaces D˜j/D˜(1,q)j and K(i)∗/(K(i)∗)q are isomorphic.
We already know that Gal(K(2)/l) satisﬁes all three conditions. We are able to show
the second requirement for Xe,f :
Theorem 3.3. The 2-Sylow subgroup X˜e,f of Xe,f is isomorphic to Gal(K(2)/K).
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Proof. As in Theorem 2.13 we show that both groups X˜e,f and Gal(K(2)/K) are De-
mu²kin pro-2 groups with the same two invariants n(X˜e,f ) = n(Gal(K(2)/K)) = efn+2
and Im(χ) = 〈−1 + 2α〉. For Gal(K(2)/K) this is clear, hence we will prove the claim
for X˜e,f : In the setting of (1.3), let H be the normal subgroup of G generated by τ e and
σf , G = G /H and U the preimage of H in F (n + 1,G ). Denote by XH the maximal
pro-2 factor group of XH. Then X˜e,f = XH and if σ˜f denotes the image of σf under
the projection from U to X˜e,f , X˜e,f is generated as normal subgroup by the elements
x0, . . . , xn, σ˜f (the order of τ is prime to 2).
Let λ = 1
e
e−1∑
i=0
τ i, then we obtain the following equivalences (?) modulo [P,U ]:
(x2, τ) ≡ (x2τ)pi ≡ (x2τ)epie ≡ (x2τx2τ−1τ 2x2 . . . x2τ e−1x2τ−(e−1)τ e)pie
≡ (x2xτ−12 xτ
−2
2 . . . x
τ−(e−1)
2 τ
e)
pi
e ≡ (xeλ2 τ e)
pi
e
≡ (xλ2)pi ≡ xλ2 mod [P,U ].
The last equivalences hold since ypi = y for any y ∈ P and τ e ∈ U . As a result, we have
r ≡ x2+2α0 x−σ2 (x2, τ) mod [P,U ]hhhhhhhhhhhhhh(??)
≡ (x1+2α0 )2x−σ2 xλ2 mod [P,U ].
The statements in [JW] 2.4-2.7 show that
dimH2(X˜e,f ,F2) = 1,
dimH1(X˜e,f ,F2) = (G : H)m+ 2 = efn+ 2,
Tor(X˜e,f
ab
) ∼= Z /2Z as G-module.
It is left to show that the cup product H1(X˜e,f ,F2)×H1(X˜e,f ,F2)→ H2(X˜e,f ,F2) is a
nondegenerate bilinear form:
As [P/N,XH] ⊂ X(1,2)H , it follows from (??) that
xσ2 ≡ xλ2 mod X˜(1,2)e,f . (3.0.1)
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Let I be the closed two-sided ideal in Z2JG K generated by 2 and τ e − 1, then
σλ ≡ λσ mod I and τλ ≡ λ mod I.
Therefore we get from (3.0.1)
xτ2 ≡ xλ2 ≡ xσ2 ≡ x2 mod X˜(1,2)e,f (3.0.2)
and from that
[xaρ2 , x
bρ′
2 ] ≡ mod X˜(2,2)e,f , (3.0.3)
for all a, b ∈ Z2 and ρ, ρ′ ∈ G . Consequently, the equivalences (?) also hold modulo
X˜
(2,2)
e,f since τ˜
e = 1, i.e.
(˜x2, τ) ≡ xλ2 mod X˜(2,2)e,f .
Let κ =
f−1∑
i=0
σi. Then in the group ring Z2JG K
κλ(λ− σ) ≡ κ(1− σ)λ
≡ (1− σf )λ mod I,
and for a v ∈ Z2JG K it follows from (3.0.2) that
x2v2 ≡ x2a2 mod X˜(2,2)e,f
with a ∈ Z2.
As a result from the above, we get the equivalence
(x−σ2 (x˜2, τ))
eλκ ≡ xκλ(λ−σ)e2
≡ (xλ2)(1−σ
f )ex2a2
≡ [x2, σ˜f ]ex2a2 mod X˜(2,2)e,f .
Finally, by applying eλκ to the relation r we obtain
1 ≡ x(2+2α)κλe0 x2a2 [x2, σ˜f ]e([x0, x1][x3, x4] . . . [xn−1, xn])κλe mod X˜(2,2)e,f .
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The efn + 2 elements σ˜f , x2, x
ρ
i , i = 0, 1, 3, . . . , n, where ρ ∈ G runs through a set
of representatives of G /H, form a minimal system of generators of X˜e,f . Analogously
as in the proof of Theorem 2.13 we now can show that the cup product for X˜e,f is
nondegenerate and calculate the invariant Im(χ). For the calculation of the latter, we
write reλκ = r′g with g ∈ X˜(2,2)e,f and deﬁne χ : X˜e,f → U2 by
χ(xρ1) = (−1− 2α)−1, χ(σ˜f ) = χ(x2) = χ(xρi ) = 1 for ρ ∈ G, i = 0, 3, . . . , n,
which allows the lifting argument from the proof of Theorem 2.13.
Then for any crossed homomorphism D
D(r) = D(r′) + χ(r′)D(g) = D(r′) =
∑
ρ∈G
(2α + χ(xρ1)
−1 + 1)D(xρ0) = 0.)
Consequently, X˜e is a Demu²kin group with the required invariants.
The idea how to prove the ﬁrst condition, i.e. that the normal subgroup H of Xe,f
generated by the elements x0, x
2
1, x2, . . . , xn, σ is isomorphic to the group Gal((K(2)/l(i)),
would be to show that the normal subgroup of X generated by x0, x
2
1, x2, . . . , xn, σ, τ is a
so called Demu²kin formation over the maximal tamely ramiﬁed extension of k(i) deﬁned
by Diekert in [D] with methods similar to the ones he used. However, the computations
are complicated and we have not succeeded so far.
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